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DESICI?ARDPRRFORM!LNCRUFEEERIMRRT,ALAXIAL-DISCRARGR

MIEED-FILMCaMpREssoR

By Arthur W. Goldstein

An axial-discharge mixed-flow compressor, which is especially
adapted for Jet engines because of the large mass flow per unit
frontal area, is described. The basic concept of the design pro-
cedure is the incorporation & oonditions for &fioient flow into
the design equations so that all reasonable cases can be ccquted

without investigating the &'fect of a large number of design param-
eters. General equations of relative fluid motion are developed to
show olearly the assumptions involved, and the empirioal character
of the simplifications employed to render the sgstan of equations
solvable and to complete the design.

The best impeller was seleuted on the basis of the maximum
air-flow capacity, which was 19.6 pounds per semnd for a 14-inch-
diameter impellm with a tip speed of 1480 feet per second and a
pressure ratio of 3.5.

.

INTRCDuCT10m

The cehtrifugal compressor has the advantage of high preesure
ratio in a single stsge, simple construction, mechanical strength,
compactness,  arxl reliability, but ia handicapped by relatively low
effioienoy and low mass flow per unit frcmtal area. For hi&-speed
Jet en@nes, the frontal area is important from the standpoint of
dragandmase flow is impor-hnt frcnnthe standpoint of power. The
axial-flow oompreesor, on the other hand, has the advantege of high
efficiency, high air-flow capacity per unit frontal erea, and ease
of staging, but is ocmplicated and ewive to manufacture, frag-
ile, and relatively heavy. A compressor oombiniq the best features
of these two tspea would be rendered cc?npact, simple, light, snd
strong by accomplishing the mmpression  in rotors of hQh blade
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i
eolidity and work output, anb would be reduczed to a small frontal
area by having the air direoted axially at the entrance  and exit
of the impeller end in the dUfuser. The apprulent lower efficiency
of the oentrifugal oompessor oould probably be improved by the
developnemt of a more rational method czf deeign, thus Justifying
the development of a om3ressor with high blade solidity end ocm-
preelsian in a eingle etage.

Aoc!mpressor~  tMe typewas therefore developedvitha
me&mum internal diepneter of 14 in&es Including the dtifuser, an
equivalent tip speed of 1480 feet per second based on stagnation I
inlet oonditions, and a compression ratio of 3.5. The air flow
was to be maxlmited in the design pa+osese.

The basio problem of the design is to aseign the correot
velocity distribution at the Impeller entrance and exit and to
select dimensions that till mduce maximum weight flow for a
presoribed outer diameter, rotative speed, end preeeure ratio.
A study of the effeot of all design variables 011 air-flow capauity,
however, is a stupendous task beoause of the lsrge number of oases
thatmustbe oomputed. Relations between the design parameters
are therefore established on the basis ot' certain sseumptions  as
to how the air could be effioiently handled and the independent
variables are reduoed to two, thus permitting an evaluation of all
reasonable designs with r&&mum effort.

Equations ~8 flow at the entrance and exit are first developed
and these flows are related by meens of conditions for effioiently
handlingtheair. Thie part of the design ie canpleted with a
maximized flow before the impeller shape Is determined. An
impeller shape la then oauputed to accomplieh the desired ahange
in air flow and state frcan the entrance to the exit. General
equations of motion in the impeller are demloped in order to
indioate clearly the baeio asatmpbions made in obtaining the shape
of the impeller hub. Ampriate simplifications  are used to per-
mit sn easy eolution for the impeller design. Stream-filament
methods are used in determining the velocity distribution and
blade shale inthe inducer section, andf~~lnthis point downstremn
afaired curve is usedfor theblade oamberline.
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BesicAs8umption8

The following assumptions ere used in establiehing flow rela-
tions and velooity distribution:

1. At the entrance and exit (stations 1 azad 3 in fig. l), the
entropy i8 constant on an axial plane, which is the equivalent of
assumingno boundary layer onthe shrouds sndequslentropyincreases
for all streamlines in the impeller.

2. The gas inside the impeller flow8 on surfaces of revolution.

3. Tangential velooity at the cssing in the discharge annul118
is 0.95 of the tip speed.

4. !T!he velocity reduction at the blade tips in the inducer
section is one-third the incaning relative velocity.

5. Pressure rise allowed on the cs8e i8 slightly lee8 than the
centrifugal pressure rise on the aesmption that the boundary leyer
limits the pressure rise.

6. At the exit, the maximum allowed absolute Mach mmber
is 1.4.

7. At the entrame, the maz&mm allowed relative Mach nwnber
is 1.0.

For computing the Shape 09 the impeller there are the follow-
ing assumptions:

l.The blade tipa are shaped accordingto two-dimensional
etreszn-filexaent theory, which is applied to compute the velocity
on the blade au&ace. Suitability of the veloaity distribution is
judged by two-dimensional boundary-layer theory. The rest -of the
blade, extending down to the root, 18 ehapedtomaintainradial
blade elements.

2. Inside the impeller the entropy i8 oomtant on surfaces of
revolution normal to the meridional proJection of the streamlines.

3. The frictional forces on only the blades and impeller ere
taken into account; those on the case are neglected..

4. An infinite number of blades is assumed for computing the
hub shape.
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Detezminationcxl?  Entrsnoe a&ExitConditions

At the entrance, it is a8sumed that radial equilibrium exists
at the impeller face. For belame of the centrifugal and pressure
fOXW3l3

where

P p~SSt.ll?e

r radius

V absolute gas velooity

P density,

Subeoript:

U rotational component

Frcmthemmdymmios, with the agsumption of constant entropy,

dH=;dp

and

v-2Em%--2

where

II enthalpy

Subscript:

t etagnation  state

SUbetitUtioII giVe8

dE =t d $
0

VU2-pm--dr dr dr2=-r

(2)

(3)

(4)

P



lJACARMNo.ESF04 5

At the entrance, the,atagnation enthalpy i8 con&a& beoeame of the
constant energy level, and (4) reduces to

(5)

where the subecript  a indioatee the emialvelooity acqonent. The
mas8 flow W' between the cylinder of radius r a&I the case rc
is

f‘o

W=2YC P &pr (6)

The impellers considered are to have SUbSOnio internal relative
flow and the relative velocity at the entrance blade tips 18 there-
fore assmmd to be SOIlk%. The matheunatioal erpoeeeion for thie
condition is

(va,c,1)2 = 5 bt,d2 + 20 bo,l~u,c,l) -2 bc,l12
[ I

- ~~u,c,lr~,l~2~~r~,l~2

where

(7)

a SOIli velocity

Y ratio of specifio heat8

0 angular veloaity

Subscripts:

0 case

1 impeller entrance

Station numbers and some dimensions and flow parameters are shown
in figure 1. For convenience, the symbols used in the text and
appendix Aare lleted inappendixB.
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With these three equations for the entrance flow, insufficient
relatious  sre available to eetabliah the flow there. At the exit,
additional conditions are mquired to prevent the work output and
exit Mach number from varying too much.
maa (5), (6),

In order to apply equa-
end (7) it la therefore neoeeeary to relate the

entrance to the exit flow and to apply the oondition8  timed on
the exit flow to determine the entrame flow.

Flow on mller Blade Tlps

The gas near the blade tip8 if! &!tdSumed to be compre8sed to
such a degree in the induoer section that the boundary leyer on
the blade tips will eepsratefromtheblades with afurther pree-
eureri8e inareasomible  distance. Downstreamofthe endofthe
inducer, a pressure rise in the radial direction slightly less then
thatduetooeutrifugalfome i8theraf'ore  allowedatthe oa8e.
In 83dKdiC notation,

There is an entrOJg rise of the ebir end the pressure rise Is
therefore arbitrarily reduced

E!?LJ
p % rC -T&

where

S entropy

T absolute temperature

But

is,-TdS+x
0 % %

1

P

and Euler's equation ccmbined with the energy equation gives for
any streamline .

dHt = Wa(rV,) =
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Therefore,

7

If the relative velocity v i8 introduoed, the solution af the
equations is found to be

vc P oonstant= vc 2 = vc3 (8)t t

where the subscript 2 indioates the end af the indwer section
before radial flow begins and 3 indioatee oondition8 at the
impeller exit. A ccmpre8sion in the inducer i8 estimated ae
feasible with

2
[ 1 112

53 - yc,1 = P @a,o,l12 + (v,,C,l - orc,l)2 (91

Flow at Impeller Exit

If the blade tipe at the exit are directedaxially at this
point the tangential component cf the velocity is

VU,C,3 = vu,c,3 + aa,3 - f W%,3 00)

where f ti the slip factor. For the impeller8 under considera-
tion, eighteen blades are used, and an estimate gives f = 0.95.
The axial-flow OcEqonent 18 then

va,c,3 =va,c,3 = pc,312 - (vu,c,3)2 = (1-f)2 o2 (r09)2

(11)

In the discharge annulus the velmity components will very in some
manner fram the values at the tip. E a linear variation of the
FL-fJity (Vu,31 2/r3 is P=-=%

(Vu,312 (vQ,3)2 ~vu,c,3)2k,&  [vu,h,3)2/rh,~
r3 = rh,3 + (%,3 - rh,3) cr3 - %,3)
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where subsoript h indicates the inner-radius (hub) or blade-root
vsJue. The enthalpy at the exit is a fundmental  compressor per-
foxmsnce parameter, epla I.8, of course, related to the exit veloc-
ities. Because of limits to be imposed on the exit gas velocity at
the blade roots, the enthalpy at the exit will be related to the
Maoh numbers of the absolute and relative flow at the blade roots
in the dieuherge snnulus. If equation (4) is now applied at the
exit and (12) is eubstituted, the resultant  equation can be inte-
grated to give

=3 -'WE E- Fh,3]

or
- -7

Ho,3 - Hh,3 L: p33 ; -j rv;;;" + @;;;;")] (14)

The Maoh number at the exit mat not be too high for effioient
dIffU8ion. It8 Value IS giVtXI by

2 v32 v32 j 1 v32
% =-=oIlt,3

/( )
- -
=v

(15)

The relative Mtmh number Mt ia d.so of SiRnificance beoaurre its
ma&tude will indicate choking flow in the-impeller.
related to other flow variable8 by

(M'3)2 = & = (v,,3)2 + (vu,3 - aI2
(r-1) h3

(Mt312 = (&J2 + 02(r312 - 2rn3vu,3
(r-1) H3

It 18

(16)
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The value al? H3 at the root (&,3) frc'm (16) is SUbStitUted ti
(14) to give the value at the case related to the Mach numbers at

.

the root

%,3 =
201'h,3 vu,h,3 - w2(rh,3)2
(Y-1) [%,3)' - (M'hg)"]

+
&,3 - r&3) (vu,h,3)2 (vu,c,3)2

2 +
rh,3 >

07)
%,3

There are now available sufficient relations to determine the
complete flow at the entrance end exit with only two independent
parameters, provided there -8 reasonable limitations on the flow
conditions. A number of de8igns are therefore computed with
various assigned values of the8e parameters and the design is
selected on the ba8iS of the best air-flow capacity. The assump-
tions and procedures for computing the entrance and exLt velocities
erenow 8ummarized.

SC- CP IcflE3IGN coMPcTAT10Ns

For all Impellers to be designed, the work output per pound
is assignedandImown. Consequently, froaDthe state of the enter-
ing gas (pt l, Ht 1), G,c,3 is known. The work output varies
from stream&e to &-reamline, and therefore the mean work output
per pound is known only approxfmately.  The rotative velocity o
sndthemeximumfrontal  dimension rc 3f aI% EdSO a88i@ed.

Ccmputations at Case

1. From the aeaigned data, vu c 3 and Vu c 3 are oomputed
by means of (lo), which a8sumed axi& directed~b&dea at the
exit near the ca8e. The EMer equation

=t,3 - %,I = dr3Vu,3 - rlV,,d (18)

can then be used to find the entering moment of mcznentum at the
case (%,lVU,G,l)~
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2. The p~&ioulax design being investigated now enters into
ooneideration by a88ig~ing values to r. 1 and s,~. The
aesi@ed value of r,,l permits the oa&t,ation of Vu o 1 frcm
(ro,lVu,*,l)' The value of ph,3 is only tentative be&&e in
acme cases the entrance annulu8 will not accmmodate the entire
exit flow. TherefO333, when the mindmum pe??DIiSSible rhl is
aomputed,  the oorresponding streamline po8ition at the exit must
be found and the exit annulus cut of’f at that position.

3. Rquation (7) 18 Used t0 find Va,,,l. A relative Maoh
number of 1.0 at the entrance blade tips IS assumed.

4. For the exit at the case, equations (8) and (9) gdve vc,lr
%,2' and %,3' With vc 3 end v~,~,~ equation (11) deter-
mines Va,o,3 which with' Vu,o,3 is used to find V,,g. Then
the enthalpy &,3 is computed from

By sS81?mi1'@ an efficiency for the impeller (0.851, it 18 po88ible
to fina %,u,3 tfd pc,3 fra

1
H

PC,3 =
i )

c,3 - pt,c,3 pt,c,s %,3 5
Kc,3 m,c,3

=L
( >7-l %,,,3 %,c,3

(20)

where R is the gas comtant.

Computation8 at Ecit

5. The fir& etep in computing the flow mmditions and gas
state at the exit is to find the mnditions 'at the blade roots.
Because the Mach number increases with decreasing r3, and because
the efficiency  of normal shock cmpreseion drops rapidly for Mach
numbers increasing above 1.4, a lfmit of %,3 = 1.4 is t&ken at
the root. There are two possible prbcedurea for the next step.

(a) The maximum flow at the blade mote is aesumed by
8ettiw hf'h,J = 1.0. With these values for the relative and
absolute Mach numbers, equation (17) then determines Vu h 3,J I

‘

.
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and Hh,3 is then cmputed from equation (16). Equation (15)
iS then employed t0 find vh,$ and q,h,$; Va,h,3 i8 Cm-
puted by a right trimgle fommla. In completing a design begun
on such a basis, it was found that the flow limitation cccurred
at the entrance rather than the exit and the condition
M'h,3 =t 1.0 was therefore discarded,

(b) An alternative procedure assigns several values &
Ht,h,3 for e=h ?h,3' When the entrance flow is mmputed for
each case, it is found that this flowoouldbe  accmmodated at
some radius for the root at the exit. Of the values of the
exit root radius thus found, that which is equal to the assumed
%3 then gives the desired Ht,h,3. For any &SSumed value
of Ht,h,3j the procedurewould consist of firatfinding B&g
and Vh,3 frcm equation (15). Equation (14) 18 solved for
Vuh3 and Vah3 then found, thus deteminingallneeded
flkw'conditions'a$ the blade roots.

6. In oomputing the variation in fluid state and flow condi-
tion8 at the exit, Ht,3 is assumdtovary linearlyulthradiue
between the value at the case and that at the blade roots. Equa-
tion (13) gives H3 and (12) detemines Vu,3. Then

(V312 = 2&,3 - 53)

(va,312 = (V312 - (Vu,312

end by assuming Isentropic condition8 at the exit

1

=3
j7

p3 = PC,3 Bc,s( )
(21)

For correlation oP the entrance snd exit streamlines,  the mBB8 flow
v3 between the case and a cylinder of rsdius r3 is required.

rc,3
w = 2% I- '3 'a,3 r3 dr3 (22)

Jr3
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Cauputation8 at Entrance

7. Computations of flow at the entrance use equation (18),
which gives

'1 Vu,, = 5 (4,l - %,3) + 5 Vu,3 (23)

The enteringmoment of momentum rl Vu,1 is therefore lmown a8 a
function of r3, the radius at which that element cf gas leaves
the Impeller. However, the value of the ma88 flow Wl between
radius rl and rcl is the same as that between r3 and rc 3
for the same streamline; that is,

>

1
W(r,) = -2ac

s
pl 'a,1 rl 9

rc,1

s

r3
W(rl) P -2~ p3 'a,3 3r dr3 = W(r,) (24)

%,3

establishes a relation between the corresponding rl and r3 for
any streamline. (The masa flow density pl Va 1 la not yet Imown.)
At the exit r3 Vu,3 'is a known fun&ion of W and equation (23)
therefore ale0 gives p1 Vu 1 es a function of W. Equation (5)

9
gives

d(va, II2
dW =-

which cannot be eolved directly

(25)

for (Va,112 es a function of W
beoause rl is not known es a funotlon of W. The quantity
dblVu, II2

dw 18 a hmwn function of W, however, end can be evaluated
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d(qVu,  1) 2 dr3 d
dW = 2(r1Vu,1) dw 5

But

dr3 1
-= - 2xr3 @I va,3dw

13

Also, B+3 and (Vu,3)2/r3 are linesr functions of r3; con-
sequently

~~=%,3c -Qh
dr3 rc,3+%,3

and

-& (r3Vu,3) = 3vi'3 + - '
(r312 wu,c,3)2/ro,J  - kvu,h,3)2&/
zv,,3 rc,3 - rh,3

Therefore

fJ s- d(qVu,l)2 rl?u,1
dw = xr3 P3 va,3

r32
2 3(r, 3 'qlI f 3)

%,h,3)
%3

can be evaluated from exit ccxnputations  a8 a function of W b&ore
solving for the entrance flow. Now equation (25) can be written

(27)

snd equation (24) can be expressed
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d(rl) 2 1
dW p - nPlva,l

(28)

The eystw~ of equation8 (27) and (28) can be numerically integrated
by the Kutta-Runge method.

Another Schams & good accur~@y for this Special System ~88
devised. Equation (27) oan be eIpressed

d(Va,112 1
d(rlv,, 1) 2

=--
(rl) 2

or

& -&
where for convenience y = (V, 1)2, x = (rlVu l)2. Then# #

!EL-1 d(q12 dw d(q12
iir2 (rl)4 dx = & d(rl~u,l~2 T

ez= 1
ax2 wlVa, p (rl14

A Taylor's series expamion for y is

A2 A3y(x+b) = y(x) + by' (x) + 2 Y"(X) + 5 Y"'(X) +

or

y(x-A) = y(x) - by'(x) + $ y" (x) - $g y"' (x) + +

(29)
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Then

15

s&A) - iiy-(r) - y(x-A) + A'y"(x) t t (30)

y(x+b) = y(x-A) + 2W (d + + A3 jr’ (I) +- (311

31 StSdXng the SOlution, a mall inC-t b (rlVu,l12 is used
and the term L33 A yppr(x) in equation (31) is neglected to obtain

(Vu,Pr12)a

(32)

as the difference 2x1 axLal velocities squared at two inlet radial
stations a and b for the estimated value rS (r12)b. The mesp
value of plVa 1 for the step i8 then estimated, utilizing the'
guess for k(rl )b tocmptiethe value of ~ atthe average
position by means of the etagnation den8ity and the velocity. With
this mean value of plVa 1 for the step from a to b, a better
estimate of (r12)b is ibtained frcnn

(r12)b - <r121a = - ‘Lpl+a 1 O$ - wa)
t

(331

where wb and Wa are known in advance for the corresponding step
in (rlVu,l)b - (rlVu,l)am The new value cff (r12)b can then be
used again in equation (32) and the process repeated to find the
value of (r12jb that cheeks. After one small step has been
taken, equation (30) is used because it neglects only the fourth
and higher derivatfves. The size of the interval can be doubled
after the second step because of the Bigher accuracy of the formula.
In the case & equation (301, the steps are UnlfOm in (rlVu,l)2.
Then equatious (30) and (29) give

(va,12)d az 2(va,12)b - (va,121a t 1
X(P v1 a,IC"14)b

x 12)& - (rl+u, l2 >b 21 (34)
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and parabolic (seoond degree)

(+d - tr12)b = -

rx -l( 1 8
PPIVa,l)a + (%V, 1)b +Y

(35)

mcARMN0. mFo4

31 0qUa%iOn (35), (Va,l)d and pd are ~XIOWII, but (ol)d i8 not.
If an estimate is made, then (r12)d and hence

(%&I = $ (Vu,lrl)

and finally pl oan be ccmputed. Equation (35) is repeatedly
used until the estimated and omputed values aP
The method fails if (rlVu 1)

b12>d me*
as a function of W is constant;

in that case however, a muih simpler method of solution is avail-
able because equation (25) indicates
(Vu,l)2

(V& 1)2 is oonst&nt, and
and hence p are known fun&lo& of rl. The solution

of equation (28) by Simpson's rule then identifies the vsriation
Of rl with variations in W.

8. At this stage of the oomputations  the entire velouity dis-
tribution at the entrance and the exit is known, and the mass flow
is also known as a function of radial. position at the entrance and
the exit. Exsmination of the velocity diagrams indicates in scme
cases a radius at whioh it is desirable to set the blade root.
Computation of the blade stress at the roots also imposes limita-
tions. If the blades are tapered with increasing thickness toward
the root, blocking of the flow area may indicate a desirable radius
for the root. By such considerations, a blade-root radius is
decided upon and a mass flow established for the assumed values
Of rc,l snd rh,3'

After the best gas velocity distribution has been computed at
the entrance and exit, the next problem is to design au impeller
between these planes to accomplish the -desired turning of air.
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Inducer Section

The inducer section is regarded as that portion of' the impeller
.where the air receives an initial compression with no radial flow
at the case. At the end af the inducer motion, the flow area is
made as large as possible by designing for no radial flow at the
root. Conditions at the +Iucer exit are est3mated by the dif-
ferential equations of motion on the assumption of a certain pre-
scribed relative velocity at the c&Be. (See equation (18).)
Inside the impeller

lpH+$ =t,1 + w(r2%,2 - rlVu,l)
The quantity

~+l
zv

2-wrV =H+kv'
U 2 = =t,l - wr1Vu,1 (36)

is therefore constant for any one atresmline, and the relative
stagnation enthalpy H + (v2/2) changes on any streamline only
as a result of change 3n the potential energy level (u21w l
Equation (4) is then

m &,I2-=-=
dr r

ldV2(rV,l - 5 dr (37)

In terms of relative velocity

Continuity gives

dw=
dr

-2n p va

In accounting for the area blocked by the blades, the quantity
2Rr - (Bd/cos I)) mu&z be used fur 2m where

B number of blades

(38)

a blade thickness
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JI angle between direction of axis 09 rotation and intersection
of blsde au&ace with circular cylinder about axis af
rotation

The corrected mass-flow equation is

dFI= - Brrr--
(

Bd
dr CO8 J,)

pv DOS JI 09)

For structural strength it is preecribed‘that radial lines throu&
the blade tips be blade elements and consequently

tan JI = (r/rc) tan Qc (401

Isentropic conditions are eseumed at any axial depth; from this
assumption the density variation is estimated by means of

in conjunction with (36) rewritten

R=Rt,1 - wrlvu,l -;$+m+!

(41)

(42)

The equation of motion is then
.--

do = 2nr 1
dW E - Bd set Q) pv cos Q]

v2
X Cr sin2 J, + 2v w sin JI - 01 d&Vu, 1)dw (43)

This equation msy be solved simultaneously with equation (39) by a
ate -by-step process such so the Kutta-Runge method.
%

The quantity
0 z (rlVu,l) 1a a Imown funotion of W and is computed before
the inducer section is designed. The boundmy value for v2 = vc 2
is also known, but $, is not. A solution is therefore obtained'
for several values of JI, snd the one giving the desired value for
ph is selected.
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The blades must be turned from the entrance direction rapidly,
especially in the beginning because the blade thickness msy canse
a velocity rise before the dMfusion process la be-. The veloc-
ity distribution at the blade tips is estimated on sn assumed
camber line by the stream-filament method as outlined in ref'er-
ence 1. A check for boundary-layer separation is then made fram
the calculated velocity distribution end the suitability of the
assumed design so evaluated. Modfficatione in shape are indicated
by the desired change in velocity. The rest of the inducer blade
surface is shaped according to equation (40).

Mixed-Flow Section

From the end of the inducer section to the impeller exit, a
smooth surface of revolution is assumed for the shape oP the case,
and on this s~zface the curve representing the blade shape at the
tips is assumed. The blade surface is thenobtainedfromequa-
tion (40). The quantities rc and \tr, are then known functions
of the axial depth, and therefore Jr isknownateverypoint.  The
boundary condition of constant vc is attafned by properly shaping
the root. The equations utilized in this step are derived in
appendti A, and are listed here for continuity. The mass flow
between two surfaces that are meridional projections of the stresm-
lines is *

and the variation in relative velocity is determined by

x key @ + elf a) sinct;; V] _ d(Ur$u,l)(45)

vhere

a angle between velocity and meridional component

an element of length in meridional plane normal to meridional.
velocity compnent
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%l radius of curvature of meridional projection aS streamline

cp angle between meridional omponent and axis of rotation

Up the blade consists of radial elements then

tan atan$=%sn1L*=--
rC CO8 cp (46)

Fluid density is related to that at the case and the enthalpy of
the fluid by

The density at the ease p, is oomputed on the assumptionof
constant efficiency  during the oanpression process. Equation (46)
is evaluated on a plane normal to the aria, and equation (47) is
evaluated along the curve n, whioh consists of the line
elements dn. Aninf’inite number of blades sndoonstsntentropy
along the n-curves are assumed. This system of equations is
solved by taking entall inorements in the maea  flow and evaluating
the position of the streamline next to and inward fran the one
already known. The velocity is also evaluated at this stresmline.
The new streamline positian is computed throughout the whole
Impeller before moving on to the next etresmline. By this method
it is possible to evaluate Pm snd solve the equation. When the
entire mass flow is thus acoounted  for, the shape of the hub is
outlined by the last streamline.

Impeller Design Dimensions and Performance

The foregoing system of aoaaputations  resulted in an impeller
with the following deeiga dimensions and perforxnanue  chsraoter-
ietice :
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Dimensions:

Radius of case at entrsnce, inches . . . . . . . . . . . . . . 5.62
Radius of case at exit, inches . . . . . . . . . . . . . . . . 7.00
Radial blade clesranoe, inch . . . . . . . . . . . . . . . . . ,040
Radius of root at entrsnoe, inches . . . . . . . . . . . . . . 2.75
Radius of root at exit, inuhes . . . . . . . . . . . . . . . . 5.90

Flow Characteristioe  at mit:

Absolute Machnumberatcase . . . . . . . . . . . . . . . . . 1.28
Absolute Mach number at root . . . . . . . . . . . . . . . . . 1.40
Relative Mach number at case . . . . . . . . . . . . . . . . . -60
Relative Mach nmiber at root . . . . . . . . . . . . . . . . . .75
Rotation velocity ccmponent, feet per second . . . . . . . . . 1400
Axial velocity component at case, feet per eeuond . . . . . . 710
Axial velocity ccmponent at root, feet per second . . . . . . 840
Dnpeller velocity at 7-inch radius, feet per second . . . . . 1480

Performsme:

Average pressure ratio . . . . . . . . . . . . . . . . . . . . 3.5
Mass flow, pounds per second. . . . . . . . . . . . . . . . -19.7
Effioiencynesr  case. . . . . . . . . . . . . . . . . . . . . .85

The conditions at the exit are shown in figure 2 and those at the
entrance in figure 3. Because of the constant entropy assumed at
the exit the efficiency of c~preesion  is lower for etresmlinee
near the root beoause of the lower work input.

EYALUXIZONQE DHSI@?PROCETXJRE

The fundamental objective of the design method was to find
sufficient reasonable restricting oonditions on the types of flow
so that the number of variable design parameters would be as small
aa possible. The highest air-flow capacity design for variation
of these paremeters  could then be found with a reasonable amount
of labor. Sane of these reetriotions are quite arbitrary, such as
the energy conversion possible in the inducer and the limitation
of the absolute Mach number to 1.4 which was chosen because & the
high effiaiency of normal shock compression at this value. How-
ever, efficient diffusers can be desigued at higher Maoh nmribers by
utilizing oblique shocks.

More exact oalculatione  of flow detail sre also desirable,
espeoially at the impeller entrance where radisl flows exist.
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Mwe detail of the velocity distribution on the blade surfme inside
the impeller is required to account for three-dimensional flows. To
utiliee such a knowledge to the utmost, howsver, solution of' the
equations for the boundary-layer flow on the rotating blades is
required in order to decide what is a good velocity distribution.
ETo swh solution exists.

One canthereforeesythatthe  deaignp~~edureie psrtly
rational and partly empirical. Reoause the snalytical  solution of
these flow problems 5s not in imediate prospect, experimental
techniques must provide some of the information required for the
step-by-step lxtprovment af this ~eingtype of czcmpressor.

Flight Propulsion Reeearoh Laboratory,
National Advisory Cmunittee for Aeronautfoe,

Cleveland, Ohio.

.
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The gas inside the impeller is assumed to flow on surfaces of
revolution, whioh permits sn extensive simplifioation of the equa-
tions of Inotion. For-a compressible fluid with absolute velocity v'
and steady velooitg: v relative to the impeller, whioh rotates with
angular velocity w, the equation of motion is

v2
vT- vx (VXT) +v~=02F+zFxTj+F/P 0)

The bar over the symbol indicates a vector quantity; B' is the
force per unit volume exerted by viscous foroes and bodies dis-
tributed in the fluid. The term

w2r=iix&c$ ,Ecv$2

is the centrifugalforcewhere

u - -=wxr linear velocity of rotation

v =U+P absolute velocity

27 x ts Coriolis force

Fraan the laws of thewoe, the equation will be modified by
expressing the pressure snd density in tern! of other gas-state
functions

$VP OH-,Szv(~ -$) -TVS

In the seotion on inducer design, it was found that the q-tits

v2 U2h=Ht-V,or=Ht-ii-~=H+~-~ (21

was constant on streamlines in the inducer. This quantity is
introduced into the equations of motion in order to determine the
conditions for which it is constant for stresmlines  in the impeller.
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(UP) VP = oh - TVS + (Vu2/2) - VV2/2

Equation (1) then becomes

vh =TvS +V'X (2ti+ VX~) +F/p (3)

This eqeion shows that the condition for h constant on a
streamline (mh = 0) is

T$ - F,/P (4)

where a/as is the derivative along a streamline and F, is the
component of Ip parallel to V. The entropy rise is a result of
fr'lction, and hence F, is a frictional ccmponent  of force. The
rest of the force is normal 20 the velocity vector ,y and is
designated as a LLft force F2. Bemuse h is constantalongany
streamline, then changes in h may be determined from values on
different streamlines at the impeller entrance. At the entrance .h
is constant for affferent streamlInes  at the ssme radius. Because
the flow is assumed to be
fore constant on surfaces

on surfaces of revolution, h is there-
of revolution; that is,

:-vhe 0

The o@y rmaining cczaponent of vh is therefore noxmal to 7
and u cold is parallel to the unit vector

(5)

which is in the meridional plane and normal to the projection ~8 7
zn that plane. lif the assumption is made that W is parallel to
v,

TVS, - (~,)lP

-@z/P + v x (20 + v x F) -‘iI g E oh

.

.

where Z is a unit vector pmallel to 7.
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It is now assumed that the lift force FiE 18 on the surface
aP revolution formed by the stream sheet a.8 well as normal to the
velocity. Thue, F2 is normal to 5, and therefore,

ah
s = 5-v x (20 + v XT) (6)

mu&ion (6) provides the basis for computation of the streamlines
in the impeller.

For greater oonvenience  the velocity ia broken down into two
components vm the meridional component and vu the rotational
ccaponent. Then

8=~x~~~~~xA~~~~coerp/r~vuuooscp/r=v,wooerp

Also,

and

vxvxv = v v2p - v.07
.

v*vv = (& + Fu) * v (vm 4 + vu Q)

1 %rn
where r-se is
iion (6) becomes

,v2ii+&, +mm, mX+ + eta.

=*g.~+pi,~+ovm~+B~~

+ vm  -
F Q 8V

r vusin q3-,vu2 +rvu-$

the derivative in the direction Of u. E¶Ua-

&-Lii - (v2/2)1
2vm vU

2
=2vuocos cp--+-R, r co* ep (7)
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Because the etagnation enthalpy ie assumed to be uniform at the
entrance to the impeller, equation (2) give8

a(iil+)ahe- an
an

so that equation (7) beccmee

av VU
2 2

--P-2-
an v ocoecp + I&2$ COB cp - 1

a<iiyv1,

v-Ti---

IIt' en infinite number of blades is assumed ~5th loading and volume
dispersed in the fluid, the variation of mass flow is

- dW = pvm
(
2trr - -Bd dn

)cos a

Then

%P=-[i$i+KJ-]
x [jE?-&E - (i + !?.g sin&y q - & (QQ) (9)

The quantity d(~l*~l)/dW is a known function of the paxtlculax
streamline in application of this equatfon to impeller design.

The angle Q between the axial dire&ion and the curve fozmed
by the intersection of the blade with the ciroular cylinder about
the exis is related to a and g, by

tan lb = sin a tana
COB cp COB a =q

Lf the blades consist of radial elements,

(10)

-

tan $= 3,$.
rC
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SYMBOLS

Thefollowiw  symbols are used inthetext andthe appendfx:

sonic velocity

nuznber & bladea

thicknees of blade-

force exerted on fluid by blades and viscous forces

slip factor for discharge tangential velocity

enthalpy of gas

Mach number of absolute velocity

Mach number of relative velocity

ooordinate on curve in meridional plene  and normal to the
relative velocity

pressure

gas constant

radiue of curvature af meridional projection & streamline

radial dlstanae fmm axle of rotation

entropy al? gas

coordinate along a streamline

absolute temperature

linear velocity of rotating 3mpeller

absolute velocity of gas

relative velocity of gas

mass flow between two stream surfaces elf revolution

27
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a

Y

P

P

cp

\cI

w

angle between meridional compon&t and resultant relative gas
velocity

ratio of s~iflc heats & ges

d(qVu,1)2
dW

gee density

angle between meridional and axial cwponents of gas velocity

bItI+ b&J

angular velocity aP Impeller

Unit vectors:

G in direction of relative veloaity V

Q in direction af velocity of Impeller E;

A in meridional

t

QX+J
plane normal to stream surface of revolutlm

fi= &imy)

53 parallel to projection & relative velocity cuz7e on
meridional plane. (Normal to 5 and Q)

Subscripts:

1 impeller entrance

2 inducer exit

3 impeller discharge

a axial velocity oaponent

C case value (at blade tips)

h hub value (at blade roots)

2 lift

8
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m meridional velocity oqonent

r radial velocity component

t stagnation state

U rotational velocfty ccqonent

29

1. Stodola, A.: Steam mxf Gas !L'urbines.  Vol. II. McGraw-Hill
Book Co., Inc., 1927, pp. 992-994. (Reprinted, Peter Smith
(New York), 1945.)
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Figure 1.. - Experimental axial-discharge mixed-flow impel I8e r .
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Figure 3. - Mass  flow and absolute velocity
at impeller entrance.
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